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Abstract
Transport properties of a single Biphenyl molecule coupled to two contacts are studied. We characterise
this system by a tight-binding Hamiltonian. Based on the non-equilibrium Green’s functions technique
with a Landauer-Bu¨ttiker formalism the transmission probability, current and thermoelectrical power
are obtained. We show that the Biphenyl molecule may have semiconductor behaviour for certain
values of the electrode-molecule-electrode junctions and different values of the angle between the two
rings of the molecule. In addition, the density of states (DOS) is calculated to compare the bandwidths
with the profile of the transmission probability. DOS allows us to explain the asymmetric shape with
respect to the molecule’s Fermi energy.
Keywords: Thermopower, Density of states, Green’s functions.
1. Introduction
The molecular electronics has had a remark-
able progress during the past decades, in particu-
lar by the synthesis of molecules and assembling
them to electronic devices, getting new applica-
tions in nanoscale systems. The transport proper-
ties have been determined, in order to use molecu-
lar systems in practical devices such as in organic
solar cells, organic light-emitting diodes, molec-
ular circuits, and organic field-effect transistors,
just to mention a few [1–4].
These systems may be based on single-molecules
and have been studied from both, the theoreti-
cal and experimental point of view. In fact, it
has been found that the mechanisms of different
electronic behaviours depends on the molecule’s
geometry or the external agents [5–8]. The deep
understanding of the transport and thermal prop-
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erties of aromatic molecules helps us in the devel-
opment of molecular devices, and for that rea-
son we focus in the present work on the study of
the electronic as well as thermodynamic proper-
ties of the Biphenyl molecule (C12H8) coupled to
two semi-infinite leads.
The aim of this work is to explore both, the
electrical and the thermal fluctuations, in the trans-
port through the Biphenyl molecule. In particu-
lar, we study these properties by changing the ge-
ometry of the molecule and by assuming different
regimes of the coupling between the molecule and
the contacts. The molecule is modeled by a tight-
binding Hamiltonian with a nearest-neighbour ap-
proximation. The calculations of the transport
properties based on electron transfer and heat trans-
port are performed using non-equilibrium Green’s
functions techniques inside of a discrete space.
In particular, we use a decimation procedure or
a real-space renormalisation scheme [9–11]. The
transmission probability, thermoelectrical power
and current as a function of the bias voltages are
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obtained following the Landauer-Bu¨ttiker formal-
ism [12]. In addition, we calculate the density
of states (DOS) to compare the bandwidths with
the profile of the transmission probability and the
Seebeck coefficient in the limit of strong and weak
couplings. We show a good agreement between
both methods.
The manuscript is organised as follows: In Sec-
tion 2, the theoretical model is introduced and
the system’s transport quantifiers are described.
In Section 3 numerical simulations are performed
and the results are explained. Finally, a summary
is given in Section 4.
2. Theoretical Model
To describe the Biphenyl aromatic molecule as
an electronic device, the molecule is connected to
contacts at both ends. Each ring consists of n = 6
carbon atoms. The set-up is depicted in Figure 1.
Figure 1: (Color online) Biphenyl aromatic molecule.
The Hamiltonian of the total system in the a
tight-binding approximation is given by:
Hˆ = Hˆmol + Hˆe + Hˆc, (1)
where Hˆmol is the Hamiltonian of the Biphenyl
molecule without contacts which can be written
as:
Hˆmol =
∑
i
cˆ†i cˆi +
∑
i
v
[
cˆ†i+1cˆi + cˆ
†
i cˆi+1
]
+
∑
j
cˆ†j cˆj +
∑
j
v
[
cˆ†j+1cˆj + cˆ
†
j cˆj+1
]
+ t
[
cˆ†4cˆ7 + cˆ
†
7cˆ4
]
. (2)
Here,  is the electron energy per site or per car-
bon atom, c†i is the creation operator of an elec-
tron at site i in the ring 1, c†j is the creation oper-
ator of an electron at site j in the ring 2, v is the
hopping parameter between carbon atoms and t
is the torsional potential. The Hamiltonian which
represents the electrodes, Hˆe, is given by:
Hˆe =
∑
kR
kR dˆ
†
kR
dˆkR +
∑
kL
kL dˆ
†
kL
dˆkL . (3)
Finally, the Hamiltonian that describes the inter-
action between the contacts and molecule can be
cast in the form:
Hˆc =
∑
kR
ΓRdˆ
†
kR
cˆ1 +
∑
nL
ΓLdˆ
†
kL
cˆN + h.c., (4)
where the operator dˆ†kL(R) is the creation operator
of an electron in a state kL(R) with energy kL(R) ,
while ΓR(L) is the coupling energy between the
right (left) lead with the Biphenyl molecule.
The thermodynamic and electronic properties
of a single Biphenyl molecule coupled to two con-
tacts are calculated through the Landauer-Bu¨ttiker
formalism [12] based on the Green’s function tech-
niques. In particular, the Green’s functions are
computed within a real-space renormalisation ap-
proach. This method allows us to obtain all the
electronic information of the molecular system [13].
In this scenario, the resultant molecular system is
reduced to an unidimensional system with effec-
tive energy sites and effective couplings between
them as is shown in Figure 2.
Figure 2: (Color online) Effective Biphenyl aromatic
molecule.
The Green’s function of the aromatic molecule
coupled to the leads is calculated using the Dyson
equation, which is given by
G = G0 +G (ΣL + ΣR)G0, (5)
where G0 is the bare Green’s function of the iso-
lated aromatic molecule and ΣL and ΣR are the
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self-energies of the left and right lead, respec-
tively. The detail of the renormalization method
and analytical expressions of the Green’s func-
tions are given in the Appendix. The transmission
probability in the reduced system can be calcu-
lated within the Fischer-Lee relationship [14]:
T (E) = ΓL11Γ
R
NN |Gr1N |2 , (6)
where ΓL11 and Γ
R
NN depict the element {1, 1} and
{N,N} of the effective spectral matrix density of
the left and right lead, respectively. The cur-
rent passing through the aromatic molecule can
be considered as a scattering process of an elec-
tron between the leads. Using the Landauer for-
malism,the I − V characteristics can be obtained
by the following expression
I(V ) = I0
∫ ∞
−∞
(fL − fR)T (E)dE , (7)
where I0 = 2e/h and fL(R) is the Fermi-Dirac dis-
tribution function evaluated at fL(R) = f(E −
µL(R)), where µL(R) = Ef ± eV/2 is the chemical
potential. Here e is the electron charge and h is
the Planck constant. Based on the same formal-
ism, it is possible to find an expression for the
thermopower of a lead-molecule-lead junction. It
is called Seebeck coefficient, (Q), which in terms
of the transmission probability can be written as
[15–17, 23]:
Q = −Q0∂lnT (E)
∂E
∣∣∣
E=Ef
, (8)
where Q0 = pi
2k2BΘ/(3 |e|), with kB the Boltz-
mann constant and Θ the temperature. Finally,
we remark that one can calculate the DOS us-
ing the Green’s function through the expression
DOS = i
2pi
Tr
[
Gjj −G†jj
]
.
3. Results and Discussions
In this section we analyze electric and thermal
properties of the biphenyl molecule depending on
the energy, the lead-molecule-lead coupling (Γ)
and the variation of the angle between the rings,
which is given by t = v cosϕ [18]. We focus on
two coupling regimes, the weak coupling, where Γ
is smaller than the inter-site coupling v (Γ < v),
and the strong coupling regime with Γ ∼ v.
Figure 3: Transmission probability (T ), Seebeck Coeffi-
cient (Q) and DOS as a function of the energy E. For
upper and lower panels the scale is worked in log, at
Γ = 1.0 eV (a) and Γ = 0.1 eV (b). The fixed param-
eters are Ef = 0 eV , v = 1.0 eV and Θ = 120 K.
The results for the transmission probability,
the Seebeck coefficient, and the DOS as a function
of energy for the biphenyl molecule are presented
in Figure 3. The panel (a) displays a strong cou-
pling regime, while the panel (b) a weak one. The
values of the coupling constant are Γ = 1.0 eV and
Γ = 0.1 eV , respectively. In panel (a) one can
observe that the transmission probability shows
resonant tunnelling, since there are multiple uni-
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tary resonant peaks, which are associated with the
eigenvalues of each atomic site of molecule around
of the equilibrium Fermi energy Ef = 0. It is
worth mention that there is quantum null inter-
ference phenomenon, which in this case is given at
energies −1 and 1. The antiresonance arises from
the destructive interference between the delocal-
ized states of the contact and the localized states
in each atom when the electron cross the interface
between them. This issue is in agreement with re-
cent works in other molecular systems [19–22].
If we compare the transmission and Seebeck
spectra, we notice, for energies where the trans-
mission is zero, the Seebeck coefficient has a pos-
itive or negative peak. Generally, when the See-
beck coefficient is positive (negative), it represents
a p-type (n-type) semiconductor behavior. Our
results for the transmission and the Seebeck coef-
ficient are in agreement with the previous results
on Benzene, reported in Refs. [10, 19, 23].
For the weak regime one can observe some
differences in the transmission probability reso-
nances. They have opened the wide band as it
is shown in the panel (b). This phenomenon is
due to the hybridization of energy levels produced
by the contacts on the molecule [24–26]. For the
Seebeck coefficient we observe that this curve is
smoothed due to the expansion of the resonances
in the transmission. On the other hand, the values
of the DOS increase slightly in the strong regime
compared to the weak one. We remark that the
width of the DOS peaks match the width of the
transmission peaks.
Note that the transmission and DOS present a
peculiar asymmetry in height of the peaks around
the Fermi energy, where the height in HOMO
peak is larger than the corresponding one of the
LUMO peak — this feature is accentuated in strong
coupling regime. This behaviour is due to the fact
that the LUMO level in the molecule is closer to
electrodes than the HOMO level. When the sys-
tem has a weak coupling, it is similar to have the
electrodes away to the system, therefore the DOS
decrease and the transmission spectra try to keep
the symmetry in the width bands. When the con-
tacts are near to the system, the coupling becomes
strong and the DOS increase considerably.
In order to support the above explanation,
Figure 4 shows the DOS as a function of the en-
ergy for the strong coupling in its whole range.
Now, it is more evident that the distribution of
the DOS around Ef = 0 is asymmetric. Also,
we can observe on the side of low-unoccupied-
molecular-orbital (LUMO) a greater amount of
DOS compared to a high-occupied-molecular-orbital
(HOMO). The corresponding energies for these
two states are approximately close to 0.5 eV and
−0.5 eV , respectively.
The zoom into the Figure 4 shows more clearly
the number of occupied and empty states, where
the number of occupied states match with the
number of peaks in the transmission spectra for
strong coupling.
Figure 4: DOS as a function of the energy, E. The zoom
shows DOS with a lower scale. The fixed parameters are
 = 0, v = 1 eV and Γ = 1.0 eV .
Figure 5 represents the Seebeck coefficient as
function of temperature and energy for strong (Fig.
5a) and weak (Fig. 5b) couplings. The dotted
lines represent the temperature at which the See-
beck coefficient was obtained in (fig. 3a) and (fig.
3b), respectively. In the strong regime we can ob-
serve at 300 K a better conduction of the holes
(at −1 eV ) and of the electrons (at 1 eV ). In the
weak regime the values of the thermopower are
lower than the corresponding values for strong
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Figure 5: (Color online) Contour plot of the Seebeck co-
efficient as a function of temperature (Θ) and energy, E.
(a) Strong coupling and (b) Weak coupling. The rest of
the fixed parameters are the same of Fig. 3.
coupling, but more resonances are presented at
different values of the energy. For instance, at
2.5 eV conduction of electrons appears in a range
of 120 K to 300 K. Note that for energies be-
tween HOMO and LUMO, the conduction of the
holes is predominant.
Figure 6: (Color online) Normalised current I/I0 as a func-
tion of the voltage V for different aromatic torsion angles.
The frames (a) and (b) are for strong and weak coupling
respectively. The other fixed parameters are the same of
Fig. 3.
Figure 6 shows the dependence of the current
on the voltage for both coupling regimes. We can
observe that for strong coupling the amplitudes
of the current are greater than for weak coupling.
This effect is due to the hybridization of molecu-
lar orbitals due to the contacts. Also, we observe
that the width of the gap voltage decreases when
the strength of coupling increases. In addition,
when the aromatic torsion angle is pi/2, the cur-
rent vanishes. Finally, let us remark that for both
regimes the number of steps is equal to the num-
ber of atomic sites considered [27–29].
4. Conclusions
A semi-analytic method for the calculation of
the transport properties of Biphenyl molecule in
the nearest-neighbor tight-binding approximation
have been proposed. This molecule have been
studied in two regimes of different coupling strengths
with the two semi-infinite leads. Using Green’s
function techniques within a real-space renormal-
isation scheme the transmission probability, the
current, the thermopower and the DOS have been
calculated. We found that transmission presents
a peculiar asymmetry in the width of the peaks
around the Fermi energy and that the intensity
of the current decreases when the coupling de-
creases. Besides, our results show different trans-
port regimes exhibiting transitions form insulator
to semiconductor behaviors. These features give
us important insights for considering Biphenyl sys-
tems as possible candidates in the design of molec-
ular electronic devices.
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Appendix A. Renormalization method and
analytical expressions of the
Green’s functions
The renormalization of the real system into to
an effective 1D dimensional system is through the
Dyson equation 5 for the local Green’s functions.
These functions contain all the information given
by the Hamiltonian 1.
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Figure A.7: (Color online) Biphenyl aromatic molecule (a)
and geometric pattern of the molecule (b).
In Biphenyl case, the system is determined by
twelve carbon atoms. Let us denote the energy as
. We perform the renormalization process of the
system without contacts as it is shown Figure A.7.
Here each site has an associated atomic Green
function undisturbed.
Using the Dyson equation we write the equa-
tions of motion of the electron at each site with
the respective interaction of their first neighbors.
Then the first set of equations for the sites with
subscript zero are given by:
Ga00 = G
0
a +G
0
avG
b
00 +G
0
avG
c
00, (A.1)
Gb00 = G
0
b +G
0
bvG
a
00 +G
0
bvG
b
01, (A.2)
Gc00 = G
0
c +G
0
cvG
a
00 +G
0
cvG
b
01, (A.3)
where,
Gb01 = G
1
bvG
b
00 +G
1
bvG
a
01, (A.4)
Gc01 = G
1
cvG
c
00 +G
1
cvG
a
01. (A.5)
Taking the above equations, we can solve Gb00 and
Gc00:
Gb00 =
G0b +G
0
bvG
a
00
1−G0bG1bv2
+
G0bG
1
bv
2Ga01
1−G0bG1bv2
(A.6)
Gc00 =
G0c +G
0
cvG
a
00
1−G0cG1cv2
+
G0cG
1
cv
2Ga01
1−G0cG1cv2
(A.7)
Now, we replace (A.6) y (A.7) into (A.1), and
taking into account that G0a = G
0
b = G
0
c = G
1
b =
G1c = g0, where, g0 = 1/(E−) is the local Green’s
function, we can obtain:
Ga00 = G˜0 + G˜0v˜G
a
01, (A.8)
where G˜0 and v˜ are new Green function of effec-
tive site and coupling effective inter-site respec-
tively and are given by:
G˜0 =
1
(E − ˜) =
g0 − g30v2 + 2g20v
1− 3g20v2
, (A.9)
and
v˜ =
2g30v
3
g0 − g30v2 + 2g20v
. (A.10)
The same way, we build equations for the site with
subscript one:
Ga11 = G
1
a +G
1
avG
b
11 +G
1
avG
c
11 +G
1
atG
a
12, (A.11)
Gb11 = G
1
b +G
1
bvG
a
11 +G
1
bvG
b
10, (A.12)
Gc11 = G
1
c +G
1
cvG
a
11 +G
1
cvG
c
10, (A.13)
where,
Gb10 = G
(0)
b vG
b
11 +G
(0)
b vG
a
10 (A.14)
Gc10 = G
(0)
c vG
c
11 +G
(0)
c vG
a
10. (A.15)
From the above set of equations we obtain:
Ga11 = G˜0 + G˜0v˜G
a
10 + G˜0t˜G
a
12 , (A.16)
where the effective torsion energy is:
t˜ =
t(1− g20v2)
1− g20v2 + 2g0v
=
v(1− g20v2) cos2(ϕ)
1− g20v2 + 2g0v
(A.17)
with t = v cos2(ϕ). For sites 3 and 4 we proceed
in the same way.
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Once obtained the Green’s functions and cou-
pling effectives to the new dimensional system,
we determine analytically the Green’s functions
Gr1N which can be determined by using equation 5.
With the same procedure used above and adding
the molecule-electrodes interactions as follow:
Gr1N = G
1N
0 +G
11
0
∑
ν
ΓνRG
ν
RN +G
1N
0
∑
ν
ΓνLG
ν
LN
(A.18)
GrNN = G
NN
0 +G
N1
0
∑
ν
ΓνRG
ν
RN +G
NN
0
∑
ν
ΓνLG
ν
LN
(A.19)
where GνRN and G
ν
LN are the Green’s functions
for the electron from each one of electrodes to the
N − th molecular site. This Green’s functions are
given by:
GνRN = G
ν
0(R)Γ
ν
RG
r
1N (A.20)
GνLN = G
ν
0(L)Γ
ν
LG
r
NN . (A.21)
Done the mapping along of the effective molecule
Fig. 2, we can write the Green’s function Gr1N as:
Gr1N =
G01N(
1 + iG0NN
Γ
2
)2
+ (G01N)
2 Γ2
4
. (A.22)
The functions {G01N , G0NN} can be obtained with
the same method, and they are explicitly given
by:
G01N =
G˜40v˜
2t˜
1− 2G˜20v˜2 − G˜20t˜2 + G˜40v˜4
, (A.23)
and
G0NN =
G˜0
(
1− G˜20t˜2 − G˜20v˜2
)
1− 2G˜20v˜2 − G˜20t˜2 + G˜40v˜4
, (A.24)
where ΣL = ΣR = −iΓ/2. In addition we also
need the diagonal Green’s functions. For symme-
try G022 = G
0
33. Using equation 5 we obtain that:
G022 =
G˜0
(
1− G˜20v˜2
)
1− 2G˜20v˜2 − G˜20t˜2 + G˜40v˜4
. (A.25)
These functions contain all the relevant informa-
tion to compute the quantum transport proper-
ties.
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